Output of the Constrained Revenue
Maximizing Firm

C. A, KNOX LOVELL*

William J. Baumol (1967) has developed an
oligopoly model in which the firm is assumed to
seek maximum fotal revenue, subject to a mini-
mum profit constraint.! The model has at-
tracted attention as a potentially fruitfui alterna-
tive to the traditional unconstrained profit
maximization monopoly model, although to
date the testable implications of the two
models are disappointingly similar.

One wellknown implication of Baumol's
mode] asserts that the firm produces a greater
rate of output, and reaps a smaller volume of
profits, if it is a constrained revenue maximizer
(CRM) than if it is a profit maximizer (I1M).
This implication has gained wide acceptance,
provided the profit constraint takes the form of
a minimum dollar value, say $2 million per
annum. However Baumol notes (p. 66) that

..-in practice, few businessmen have such
explicit and clearcut profit goals. And it may
be expected that in many cases the firm’s mini-
mum profit goal will be approximated better by
the requirement that it earns at least, say, 8 per
cent on its investment or 20 per cent on its
costs or 15 per cent on its dollar sales.

In light of this expectation it seems worth-
while to ascertain whether or not the posited
relationship between rates of output under the
two alternative behavioral assumptions survives
these three respecifications of the profit con-
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LThe profit constraint, whatever its form, is an
internally imposed minimum thought necessary to
finance future growth and to satisfy sfockholders,
rather than an externally imposed maximum set by a
regulatory agency, The firm is not subject to regula-
tory constraint,
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straint. Baumol {pp. 66-68) seems convinced .

that it does. In general it does not. The rela-
tionship between the rate of output of a CRM
firm and that of a [IM firm depends cruciafly
upon the form of the profit constraint under
which the CRM firm operates, a point that has
not been recognized in the literature. The
purpose of this note is to demonstrate and
interpret this dependence.

L. Output Under Alternative Specifications
of the Profit Constraint

Consider an oligopolistic firm seeking to
maximize revenue subject to a profit constraint
that is allowed to assume various forms. Define
the following variables:

X0 rate of output, in physical units;

S0 total selling expense, S = ZS;, where
§; 2 0 is the expenditure on the i-th
type of sales effort;

C(X) total  production cost, where
C'(X)>0

R(X, §) total revenue, assumed to be a con-
cave function with aR (X, §)/05;> 0;

(X, ) total profits, R(X, §)- C(X)- S,

I, (X, §) profit constraint expressed in dollar
terms;

IL{X, §) =11f [R(X, §)], profit constraint ex-
pressed as a per cent (Fi) of total
revenue;

M:(X, §) =11f [C(X)+S], profit constraint
expressed as a per cent (IT§) of total
cost;

[I4(X, §) =T0% {8, +6,C(X) +6,5], profit
constraint expressed as a rate of re-
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c(X)+s

R(X,8)

Figure 1

turn (%) on investment, where in-
vestment is taken to be a linear func-
tion of the two types of cost.

The four specifications of the profit constraint
are Baumol’s, although he considers only the

first in any detail. The assumption that
B3R (X, §)/88; >0 implies that the profit con-
straint must be binding in equilibrium regardless
of specification. Thus the problem is one of
maximizing a concave objective function sub-
ject to a concave functional equality constraint
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and nonnegativity constraints on all variables,
and the Kuhn-Tucker conditions are necessary
and sufficient for a maximum.

Consider first Baumol’s problem of maximiz-
ing revenue subject to a profit constraint ex-
pressed in doflar terms. Forming the Lagrangean

G, 8 M)=RX, 5)+x [R(X, $)- C(X)
-85~ (X, $)], (12)

the Kuhn-Tucker conditions are

oR R
—_— <
ARy (ax) MC'(X) < 0: X2 0 (1b)
R, (R
3S; as;
R(X,8)- C(X)- 8- II,(X,S)=0;

A >0. (1d)

Using & >0 from (1d} in (1c) gives dR/3S; < 1.
Using ;>0 in (1b) gives aR/3X=
(A1 +2)C (X< C'(X) for X > 0. In the [IM
model equilibrium rates of sales effort and out-
put are determined by the conditions aR/3S; = 1
for all §;>0 and 0R/3X =C'(X) for X>0.2
Hence for this specification of the profit con-
straint sales effort and the rate of output are
greater under CRM than under [IM. A compar-
ison of the two rates of output appears in
Figure 1.

However if the profit constraint is respecified,
the relationship between CRAf and 1M rates of
sales effort and output may be reversed. For
example if the profit constraint is defined as a
minimum return on total revenue the Lagran-
gean becomes

G(X, 8, %,)=R(X, 5)
+ 2[R, 8)- CX)- S -

) NEO S0 (1)

(X, 8)1, (Za)

2In equilibrinm A represents the marginal revenue
of relaxing the functional constraint IT,(X, §), pro-
vided there are no effective direct constraints on the
adjustment of X and §;. If there is an effective direct
constraint on X and §,, this Hmits their adjustment
and tends to reduce the marginal revenue of relaxing
the functional constraint. The same analysis holds for
the three ather forms of the profit constraint.

with Kuhn-Tucker conditions

3R AR
+ 2y ( ) MC(X) - N, 113 (aR)g 0;

ax X X
X30 (2b)
() n s (%)
S50 (2¢)
R(X, 8)- C(X)- §- I, (X, §) = 0;
>0 (2d)

Using &, > 0 from (2d) in (2¢) gives 3R/2S; % 1
according as 1% £ 1/A, for all §;>0. If the
target rate of return on total revenue (T1§) is set
sufficiently high, sales effort may be so re-
siricted as to force marginal tevenues above
unity. Using this result m (2b) gives OR/3X =
(?\2/1 +h - M AHC (X) C'(X)according as
1/?\2 for X >0. Agam if the target rate
of return on total revenue is set sufficiently
high, the resulting restriction on sales effort
leads to a diminution of demand and a reduc-
tion of output below the M rate. For Baumol’s
result to obtain under this specification of the
profit constraint it is necessary that the target
rate of return on total revenue be low enough
to satisfy I3 <1/A,. Both possibilities are
illustrated in Figure 2, where 11, and % have
been selected in such a way as to yield Xpgpan <
Xnpr < Xcrara-
if the profit constraint is defined as a mini-
mum return on total cost, the Lagrangean be-
comes

G(X, S, As)=R(X, §)
+0[RY, §)- C(X) - S- 115X, )], (3a)

with Kuhn-Tucker conditions

R AR

LA A it <

T (ax) 2C'(X) - A 13 C'(X) < 0;
X300 (3b)

IR i x (iji>—>\—>\n*<o-szo G

as, as;) "M E S eSS )
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=(: { return on total
R(X,5)- C(X)-8§-T3(X, 8)=0; for X > 0. If the target rate o
( ) : e >0 (3d) -cost (1%} is set sufficiently high, the CRM rate
: ) of output can fall short of the IIM rate. The

Using A3 > 0 from (3d) in (3¢) gives BR/3S; Z 1
according as l'[;“% I/A; for all S;>0. Using
this result in (3b) gives dR/aX = [A3(1 + TIF)/
14 s] C'(X) £ C'(X) according as 11§ 2 [/%

reasoning is the same as above: a high target
rate of return leads to a restrictiont on sales ef-
fort, which in turn causes a reduction in output.
This case is illustrated in Figure 3, where
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Baumol’s result holds only if the target rate of
return is Jow enough to keep aR /3S; < 1 for all
S; > 0.

Finally, if the profit constraint is defined as a
minimurn return on investment, the Lagrangean

becomes
G(X, Sa)=R(X, $)

R{X,5)

T

+h [RX, 8)-CX) - 8- 1(X, 8], (4a)

with Kuhn-Tucker conditions

oX
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—) SO0 - 2 T1E 6, C(X) S 0;

X350 (4b)

—— - - W M1FG,50; 5550
(aS,-) a= A28, P>

(4c)

R(X, 8)- C(X)- S - TL(X, §)=0; Ay >0.
(4d)

Using A4 > 0 from (4d) in (4c) gives dR/3S; Z 1
according as II¥ % 1/8, 2, for all §; > 0. Using
this result in (4b) gives 8R/0X = [A.(1 + 8, TF)
1+2] C'(X)2 C'(X) according as 11§ 2
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1/6:2s for X >0. In this case the target rate
of return on investment (I1¥) may be high
encugh to force a restriction on sales effort
sufficient to cause marginal revenues to exceed
unity. However in contrast to the second and
third cases this is neither necessary nor suffi-
cient to cause a reduction in output beneath the
A rate, which requires 113> 1/0,x,. The
possible outcomes of this specification of the
profit constraint are illustrated in Figure 4.

. An Interpretation of the Results

One of the principal implications of Baumol's
model of unregulated constrained revenue maxi-
mization asserts that the firm produces a
greater rate of output under CRM than under
ITM. 1t has been demonstrated that this
proposition lacks general validity, and that the
relationship between rates of output under the
two hypotheses depends upon the specification
of the profit constraint. Qnly when the profit
constraint takes the form of a minimum dollar
value does Xeppr > Xppy. For each of three
other specifications of the profit constraint,
Xorar ‘é Xnas according as the target rate of
return exceeds, equals or falls short of some
critical value. This result is of some importance

since, as Baumol acknowledges, firms are most
likely to adopt one of these three types of con-
straint in practice.

Finally, it should be noted that this modifica-
tion of Baumol’s analysis has little effect on
any further implications of the CRM hypothesis.
It does alter the tenor of his implications con-
cerning oligopoly and ideal output. But the re-
sponse of a CRM firm to changes in overhead
costs or lump sum taxes remains unchanged.
And the theorems of Bailey and Malone (1970)
and of Baumol and Klevorick (1970} concern-
ing the behavior of the CRM firm under rate of
return regulation (the reverse A-J effect) re-
main valid.

References

Bailey, Elizabeth E, and John C. Malone, “Re-
source Allocation and the Regulated Firm,”
The Bell Journal of Economics and Manage-
ment Science, T (Spring, 1970), 12542,

Baumol, W, J., Business Behavior, Value and
Growth, rev, ed., New York 1967.

Baumol, W. J. and Alvin K. Klevorick, “Input
Choices and Rate-of-Return Regulation: An
Overview of the Discussion.” The Bell
Journal of Economics and Management
Science, I {Autumn, 1970}, 162-90.



